Principle of
Inclusion and Exclusion

e An Illustrative Example

Determine the number of integers n, 1<n<100,

which are not divisible by 2, 3, 5.

Let S={1, 2, ..., 100} and N=|S|=100.

Define three conditions as follows :
C, : divisible by 2;
C, : divisible by 3;
C; : divisible by 5.

The answer is denoted by N(C, C, C;), which is

evaluated below.



N(C;) = L100/2: = 50; N(c) = L100/3. = 33;
N(c;) = L100/51 = 20.

N(C1C2) = 1100/62 = 16; N(C1C3) = 1100/10: = 10;
N(Cng,) = 1100/151 = 6.

N(C1C2C3) = 1100/301 = 3.

N(C,C,C;) = N—=(N(C)+N(C)+N(C3)) +
(N(CiC2) + N(CiC3) + N(CsC3)) —
N(CC2C3)
= 100-(50+33+20)+(16+10+6) -3

= 26.



e The Principle

S: aset; N=|S

Cl, Cz, coey Ct : conditions

N(Ci) : the number of elements in S that satisfy C;

N(cicj) : the number of elements in S that satisfy ¢; and
C; (and perhaps some others)

N(C;) : the number of elements in S that do not satisfy
i (N(C;) =N-N(c)

N(C;C;): the number of elements in S that do not satisfy
either of C; and ¢;



Theorem. The number of elements in S that satisfy none

of ¢y, Cy, ..., Ci IS equal to

2. N@) +

1<i<t

2. N(ic) —

I<i< j<t

Z N(CiCjCk) +

1<i< j<k<t
[ J [ ] [ ] +

(—1)'N(C4C,...CY).



When t=2, ¢ —> A and c, —> B.

N(C, Cy) = [S|-|AUB|
= [SI= (Al +|B| - |AnB])

= [SI=(Al+[B])+|ANB|



When t=3, ¢, > A, ¢;—> B, and c; > C.

N(C, C,C;) = |S|-|AUBUC

= [SI= (Al +[B| +|C| - |AnB| - |ANC| -
IBNC| + |JAnBNC)|)

= [SI=(AlI+[B|+]C] +
(|ANB| + |JANC| + |BNC]) —
|ANBNC]



This theorem can be proved by induction on t.

Here we prove it by a combinatorial method.



Observation :

|AUB| = |A| + |B| — |[ANBj

a 1 =1+0- 0
b 1 = 1+0- 0
C 1 =1+1- 1
d 1 = 0+1- 0
e O =0+0- 0




Proof: For each X € S, we show that X contributes

the same count to each side of the equation.

.C) = N— 2 N@)+ 2 N(ig) —

1<i<t 1<i<j<t

2 N(CiCjCk) + ... T

1<i< j<k<t

(— 1'N(c,Cy...C).

Case 1. X satisfies none of the conditions.

X is counted once in N(C; C,...C;) and N, but

not in the other terms.



Case 2. X satisfies r of the conditions.

(1) X contributes nothing to N(C, C,...C;)

(2) Xis counted once in N.

(3) xis counted (') timesin Y. N(C).
1 1<i<t

(4) Xxis counted (;) times in _Z_ N(CiC;).
I<i<j<t

X is counted (:) timesin > N(c; C; ... C; ).

= left-hand side : 0.

right-hand side : 1 - (;) + (;) — e+ (= l)r(:)

=(1+(-1))" =0.
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Corollary. The number of elements in S that satisfy at
least one of the conditions is N(c; or ¢, or ... or ¢y =

N - N(C_:l CZ ...C_:t).
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Let S() = N.

2. N(©).

1<I<t

St

S = Z N(CiCj).

1I<i< j<t

Sk = Z N(CI1 CiZ oo Cik ).

Theorem. The number of elements in S that satisfy exactly

m of t conditions is
m+1 m+ 2
Em = Sm - ( 1 )Sm+1 + ( 2 )Sm+2 T eee +

=D )Se
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Proof. For each X € S, we show that X contributes the

same count to each side of the equation.

Case 1. X satisfies fewer than m conditions.

X is not counted on either side of the equation.

Case 2. X satisfies exactly m of the conditions.

X is counted once in E,, and once in S,,,, but

13



Case 3. X satisfies r (m<r<t) of the conditions.

L r (3 L3 r Ld L3
X is counted ( ) times in Sy, ( ) times in
m m+1
r Ld L

But, X contributes nothing to the other terms.

=  left-hand side : 0.

right-hand side :

(rl;l)_(m+1)( r )+(m+2)( r )—...+

1 m+1 2 m+2

D)

.  (left as an exercise)
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Theorem. The number of elements in S that satisfy at

least m of t conditions is

m+1

Ln="Sm=( " )Sm1+( ~ ISmiz— e

m

(_ 1) t_m( rtn__ll )St-

An inductive proof of this theorem was outlined as

problem 8 on page 401 of Grimaldi’s book.

For your reference, the following shows an alternative

proof that is based on a combinatorial method.
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For each x € S, we show that x contributes the same count to each side of the equation.

Case 1. x satisfies fewer than m conditions.

X is not counted on either side of the equation.

Case 2. x satisfies r (m<r <t) of the t conditions.

r

X is counted once in L, (rj times in Sp, (
m m+1

j times in Sp+1, ..,

(:) times in S;. But, x contributes nothing to any of the other terms in
the equation.
Left-hand side: 1.

Right-hand side:

A G 49 e e B B O

(m-— 1)+kj( ¢

O<k<r m\m+

(m= 1)+kj( 1) (assume m—1+k>0)

(
(

_Iin j (refer to Concrete Mathematics, 2™ edition, by Graham,

0<k<r mim+k

Knuth, and Patashnik, pp. 164, Eq. (5.14))

_ r \(-m -m\ _ r _
= %(erkj(kj ((kj—0a3k<0,and (mHJ =0ask>r-m)

= U : mj (refer to Concrete Mathematics, 2" edition, by Graham, Knuth, and

Patashnik, pp. 169, Eqg. (5.23))

Sincem>0and k>0, we have m=0and k=0ifm—-1+k<0.

When m=0 and k=0, the right-hand side is (6) =1
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Ex. Compute the number of integer solutions to

X1+ X+ X3+ Xs=18, where 0<x;<7 for 1<i<4.

Let S be the set of integer solutions to

X1+ X3 + X3+ X4 =18, where ;>0 for 1<i<4.
Also, let C; denote the constraint of X;> 8.

Then, N(C, C, C; C,) is the answer.

N =H(4, 18) = C(4+18—1, 18) = C(21, 18).
N(c) = H(4, 10) = C(13, 10).

N(cicy) = H(4, 2) = C(5, 2).

N(cicicx) = 0.

N (C1C2C3C4) = 0.

N(C, T, T, C,) = C(21,18) — C(4, 1)x C(13, 10) +
C(49 2) X C(Ss 2) -0+0
= 246.
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Ex. Compute the number of ways to permute a, b, c, ...,

Yy, Z so that none of car, dog, pun, and byte occurs.

Let S be the set of all permutations of the 26 letters.

Let ¢, C;, C3 and C4 denote the conditions that the
permutations contain car, dog, pun, and byte,

respectively.

Then, N(C, C, C; C,) is the answer.

N = 26!.

N(c1) = N(C;) = N(c3) = 24!; N(cy) =231

N(C1C3) = N(C1C3) = N(CyC3) = 2215 N(Cicy) = 211
N(CiC2C3) = 20!; N(cicjcy) = 191,

N(C1C2C3C4) =17!.

N(C,C,C;Cy) = 26! —(3x24!+23!)+ (3 x22!+

3x211) — (20! +3x 191) + 171
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Ex. Given a positive integer n>2, the Euler’s phi function,
denoted by @(n), is the number of integers m so that
1<m<n and ged(m, n)=1 (M, n are relatively prime).

For example, ¢(2)=1, #3)=2, f4)=2, and H5)=4.
Consider n = 1260 = 2° x 3* x 5 x 7 (ETFHg37 ).
LetS={1,2,...,1260}.

#(1260) can be computed as follows.

Let ¢, C;, C3, C4 denote the conditions that the integers
m are divisible by 2, 3, 5, 7, respectively.

Then, #1260) =N(T, T, T, T,).
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N =1260.

N(c;) = 1260/2 = 630; N(c,) = 1260/3 = 420;
N(C3) = 1260/5 = 252; N(c,) = 1260/7 = 180.

N(CiC,) = 1260/6 = 210; N(C;Cs) = 1260/10 = 126
N(CiCq) = 1260/14 = 90; N(C,Cs) = 1260/15 = 84;
N(C,Cq) = 1260/21 = 60; N(C3Cs) = 1260/35 = 36.

N(CiC2C3) = 1260/30 = 425 N(C1C,Cq) = 1260/42 = 30;
N(CiC3Cs) = 1260/70 = 18; N(C2C5Cq) = 1260/105 = 12.

N(C1CyC5C4) = 1260/210 = 6.

N(T,T,T,C,) = 1260 — (630 +420+252+180) +
(210 +126+90 + 84+ 60+ 36) —

(42+30+18+12) + 6

288.
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In general, suppose N = P p& ... p (EVEREST ).

Then, ¢(n)= nx(1—-)x(1=—L)x... x(1-1).
by P, P,

For example, when n = 1260,

H1260) = 1260x(1—%)x(1—:1;)x(1—;)x(l—%)

288.
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Another description of Euler’s formula (? no proof

was found):

Suppose that n is a positive integer and py, Py, ...,
Pr are distinct prime numbers, where n>p; for all

1<i<r.

Let F(n) = |{m|1<m<nis an integer and

gcd(m, p)=1forall 1Li<r}|.

Then, F(n) is equal to

_ 1 1 1
f(n)—nx(l—ﬁ)x(l—p—z)x...x(l pr),

if f(n) is an integer.
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Ex. Suppose that n=23, p;=2, and p,=3 (i.e., r=2).

There are 8 integers in {1, 2, ..., 23} that are relatively
prime to both 2 and 3. They are 1, 5, 7, 11, 13, 17, 19,
and 23.

1 1
f(n)= nx(1-5)x(1-3)= %
f(23) is not an integer

We first compute f(21)=7 (or f(24)=8), and then
obtain F(23)=F21)+1=1f21)+1=8 (or F(23)=
F(24)=1(24)=8), where 1 indicates the integer 23.
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Ex. Six married couples are to be seated at a circular
table. In how many ways can they be arranged

so that no wife sits next to her husband?

Let C; denote the condition that couple i are

neighboring, where 1<i<6.

The answer is N(C, C,...C).

Similarly, N(CiCjCk) = 23 X 8', N(CiCjCkC|) = 24X 7!,

N(CiCiCkCiCr) = 27 % 6!, N(CiCiCkCiC,Cs) = 2° x 5.

N(T,T,...Cs) = 11! —C(6, 1) x2x 10! + C(6, 2) x 2°x 9!
— C(6,3)x2>x 8! + C(6, 4) x 2*x 7!
— C(6, 5) x 2° x 6! + C(6, 6) x2°x 5!
= 12,771,840.
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Ex. How many ways are there to connect five vertices

a, b, c, d and e so that none of them is isolated?

a a\ ae a
b i b b

2 2 2 *e

(8) (&) (X) X)

Let c;, C5, C3, C4 and C5 denote the conditions that

vertices a, b, C, d and e are isolated, respectively.

The answer is N(C, C,...Cs).

25



N =2'"" (at most 10 edges among five vertices).

N(c)) = 2°.

N(cic)) = 2°.

N(cicic) = 2.

N(cicickC)) = N(cicickeicy) = 2°.

N(T, T,...C5) = 2" = C(5,1)x2°+ C(5,2) x 2°
—C(5,3)x 2"+ C(5, 4) x 2°

—C(5,5)x2°
= 768.

26



Ex. For the example above, how many ways are there to
connect five vertices a, b, C, d and e so that exactly

two of them are isolated?

The answeris E;= S;,—C(3,1)xS; + C(4,2) xS,
— C(5,3)x S;5
= C(5,2)x2° - C(3, 1) xC(5, 3) x 2!
+ C(4,2)xC(5, 4)x2°
—C(5,3)xC(5,5)x2"
= 80— 60 +30—10
= 40.
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e Derangements

An arrangement of 1, 2, ..., n is called a derangement,
if 1 is not at the first place (its natural position), 2 is not
at the second place (its natural position), ..., and n is not

at the nth place (its natural position).

Consider n=10, and let c; denote the condition that

integer i is at the ith place, where 1<i<10.

The number of derangements of 1, 2, ..., 10 is

N(C; Cy---Cp) = 10! — (11")91 + (120)8! —. +(13)0:

= 1334960.
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Ex. There are seven books undergoing a two-round
review process of seven reviewers. Each book is
reviewed by two distinct reviewers. In how many

ways can these books be reviewed?

There are 7! ways for the first-round review.

There are d, ways for the second-round review,
where d; is the number of derangements of 1, 2,

ceey 7.

The answer is 7! x d-.
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e Rook Polynomials

X : rook (H1)

eeoe X oee 000

Problem : Given a chessboard C of arbitrary shape
and size, determine the number ry of ways of placing k

nontaking rooks on C.
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r1=6, r2=8, I’3=2
C:
r=0 fork>4
Let Mo = 1.
rook polynomial R(C, Xx) = rix
i=0

= 1+6x+8x>+2xX°

31



\\

e Co:

R

R(C, X) = 1+ 11x +40x*+56x° +28x* + 4x°
R(Cy, X) = 1+4x+2X°
R(Cy, X) =1+ 7x+10x>+2x°

Ci;and C; are “disjoint” (no square in the same row or

column)

= R(C9 X) = R(Cla X) * R(C29 X)
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Count r; in C as follows.

Case 1. All three rooks are placed on C,: 2 ways

Case 2. Two rooks are placed on C, and one rook is

placed on C; : 10 x4 =40 ways

Case 3. One rook is placed on C, and two rooks are

placed on C; : 7x2 =14 ways

r;=2+40+14 =56

Compute the coefficient r; of X* in R(C;, X) * R(C,, X) :

R(Cy, X) * R(C,, X)

= (1+4x+2x%) - (1 +7x+10x*+2x)

= L o+ 12 +HAX- 10+ 2 TX +. ..
= o+ (1:2+4:10+2: ) +. ..

Casel Case2 Case3
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If C is a chessboard made up of pairwise disjoint

subboards C,, C,, ..., C,, then

R(C, X) = R(Cy, X) *R(C3, X) * ... *R(Chp, X).

34



Let r (C) denote the number of ways of placing k

nontaking rooks on the chessboard C.

(C) consists of the following two parts.

35



1. Arook on the square designated by “*”.

C. : (C; is obtained from C by deleting the
S e

row and the column containing the

designated square.)

r'-1(Cy) is included in r(C).

2. No rook on the designated square.

Ce: (C. is obtained from C by deleting

the designated square.)

r'(Ce) is included in r(C).

Therefore, r(C)=r1(C) + r«(Ce), and

R(C, X) = XR(Cs, X) + R(C, X).
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Ex.

= x> +X
E
+
= x> +2X
= (X’ +X) -

+X

+X e

+(2x+ 1)

=0¢+X) (1+2X)+2x+1)- (C+3x+1)

=14 6x+10x2+4x .
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Ex.

Determine the number of ways of placing four nontaking

rooks on the unshaded area of C.

Let c; be the condition that a rook is placed on the shaded

area of row I.
= S!l—r;+4!+ry:31—r3-2!+r,- 1!,
where R(the shaded area of C, X)

= (1+3x+x%* (1+4x+3x%)

=1+7x+16X>+13xC+3x* = 1+ r X+ rpC + 1 +rx’.

N(C,C,C3C,) = 5!-7-4!+16-31-13-2!+3-1!
= 25.
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Ex. Four people, denoted by Ry, R, R; and Ry, are
assigned to five tables, denoted by T, T,, T3, T4
and Ts, in a wedding reception. In how many
ways can they be assigned to four distinct tables,

subject to the following four restrictions:

(a) Ry is not assigned to T; or T;
(b) R, is not assigned to T,;
(¢) R;sis not assigned to T; or Tyg;

(d) R4 is not assigned to T4 or Ts.

T, Tz T3 Ty Ts

The answer is 25, as computed in the example above.
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Ex. Two dice, denoted by R and G, are rolled six times.
Under the condition of (R, G) ¢ {(1, 2), (2, 1), (2, 5),
3,4),(4,1), (4,5), (6, 6)}, what is the probability

that all six values 1, 2, ..., 6 occur for both R and G?

Consider the following left chessboard, where the row

(column) labels represent the outcome on R (G).

1T 2 3 4 5 B 1 5 3 4 2 6
1 1
2 2
3 4
4 3
5 5
& B

The right chessboard is obtained by relabeling the
rows and columns, where the seven shaded squares

constitute four pairwise disjoint subboards.

Therefore, r(C,x) = (1+4x+2x%) x(1+Xx)’

= 1+7X+ 17 +19+10x* +2)5.
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6!xS

The probability is P = 96

, where there are 6! ways

for1,2,3,4,5, 6 to occur with R and S is the number
of ways for 1, 2, 3, 4, 5, 6 to occur with G under the

condition.

For example, (1, ?), (2, ?),(3,?), (4, ?), (5, ?), (6, ?) and
“4,?2),65,?7),6,?),d,?),2,?7), (3, ?) are two ways for
1,2,3,4,5, 6 to occur with R. Then, each way for the
former to have 1, 2, 3, 4, 5, 6 occurring with G, e.g.,
(1,6), (2, 2),3,3),4,4), (55), (6, 1), uniquely
corresponds to a way for the latter to have 1, 2, 3, 4, 5,
6 occurring with G, e.g., (4, 4), (5, 5), (6, 1), (1, 6),

(2, 2), (3, 3), and vice versa.
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Let c; be the condition that when R=1, (R, G) is

located at a shaded square.
S = N(GC,...Cy)
= 6!-T7x5!1+17x4!-19x3!+10x2! -2 x1!

= 192

_ 6!x192
Thus, P = 596

~ 0.00023.
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Ex. How many one-to-one functions
f:{1,2,3,4} > {u,v,w, X, Y, 2}

are there so that f(1) ¢ {u, v}, f(2) g {w},

f(3) ¢ {w, x}, and f(4) ¢ {X,y, 7}?

Consider the following chessboard.

rC,x) = (1+2x)x(1+6x+9x*+2x%)

= 1+8x+21x>+20x> +4x°,

Let c; be the condition that (i, f(1)) is located at a

shaded square.

The answer is N(C, C, C;C,).
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N(C,C,C;Cy) = (6x5x4x3)—-8x(5x4x3)+

21 x(4x3)-20x3+4x1

= 76.

(do Exercise #1)
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Generating Functions

e Introductory Examples

Ex. There are three ways to choose one object from
three distinct objects a, b, and ¢ (namely, a or b or ¢).
Similarly, there are three ways to choose two objects

from them (namely, ab or bc or ac).

Interpretation by polynomials :

+: or
-: and
X' : to select i objects

1+ax: to select a or not to select a

1+bx: to selectb or not to select b

1+cx: to select C or not to select C
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(1+ax)*(1+bx)-(1+cx) : to select a or not to select a,

to select b or not to select b, and to select C or not to

select C.

1+ax)-(A+bx)-(1+cx)=1+(@+b+c)x+(@b+bc+

ac)x* + (abc)x’®

U

The ways of selection are ¢ (to select none), a or b or
C (to select one object), ab or bc or ac (to select two

objects), abc (to select three objects).
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Ex. Compute the number of solutions (X;, X5, X3) for

X1+ X+ X3 = 12 (4SX1, ZSXZ, ZSX:),SS).

4<x,28: (X +X°+xX0+x +x%)

(The possible values for X, are 4, 5, 6, 7, and 8.)
2<%,56: (C+X+X+X+x5)
2<x:385: (C+X+x+X7)

Each term x'X/x*, where i+ j+k = 12, in the product of
X HXC X+ X 0+ + XX+ XY - 0+ + X +

x’) represents a solution, and vice versa.

So, the coefficient of x'? in the product is the number

of solutions.
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e Ordinary Generating Functions

Let (a9, 21, a3, ..., ay, ...) be the symbolic representation
of a sequence of events, or let it simply be a sequence of
numbers. The function F(X) = aguy(X) +a (X)) + ... +
ar(X)+ ... is called the ordinary generating function of

(g, 815 A2y +eey Ars +..), Where /IQ(X), /ll(X), cony /lr(X), eeo 1S

a sequence of functions of X that are used as indicators.

The indicator functions, t(X), are usually chosen in such
a way that no two distinct sequences will yield the same

generating function.
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Ex.

Ex.

r

i) : L, 1+x,1=x1+x5,1-x% ..., 1+X",

1-x,...
ai: 3,2,6,0,0,...
= FX)=3+2(1+X)+6(1—-Xx)=11-4X
ai: 1,3,7,0,0,...

= FX)=1+31+X)+7(1—-Xx)=11-4X

So, 1,1+X%,1-%, 1+Xx* 1=x% ... cannot be used

as indicator functions.

Hi(X) : 1, cosX, cos2X, ..., COSIX, ...
r

2
ai: LLw,w,...,w,...

= F(X) =1+WcosX+Wcos2X + ... +W'cosrx+...
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The most usual and useful form of £;(X) is X'

F(X) = ap+aX+a)+ ... +axX + ...

for the sequence (ay, a;, A2y <20y Ajy o22)s
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Ex. (1+x)“=(3)+(;‘)x+(;‘)x2+...+(:)x“.

(1+x)" is the generating function for (g), (T),

n n
s e (1), 0,0,0, ..

Ex. 1-x")=00-x)A+x+x*+ ... +X").

(1-x""/(1-x) is the generating function for the

sequence 1, 1, 1, ..., 1, 0, 0, O,

—
n+1
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Ex. = 1+X+X2+X+ ...

14+ X+ X2 +...
1—x>1
1-x
X 2
X — X
X2
X2 —x3
3

ﬁ is the generating function for the sequence

1,1,1,1, ...
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d 1 — 1 132 +33+4C+ ...

dx 1-x (1-x)?

X

T is the generating function for 0, 1,2, 3, ...
— X

d X _1+X

- _ = - =142+ 32X+ 40+
dx (1-x) (1-x)

X(1+ X)
(1-x)’

53
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Let f(X)=ay+aX+aX +a;x +...

fX)/(1=X) = (@g+aX+aX +asxX+ . )A+X+X+X + ...

(a.()) + (a() + al)X + (a() +a;+ az)XZ + ...

f(X)/(1 —X) is the generating function for a,, a,+a,,

do+a;+az, ...

Ex. )((1(1_;;? =02+ 1’x+ 27+ 30 + 45 + ...

X(1+ X)
(1-x)*

is the generating function for 0%, 0°+ 1%

0>+1%+2% ...
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o0
WhennegZ*, (1+X)" =1+ 2 (:)xf, where

r=1

(rr]) =N)(n-1)(n-=2) ... (n—=r+1)/rl.

(derivable from Maclaurin series expansion)

Ex. 1-x)"

o0

= 1+ 2 ((H
r=1 T

0. 0)

= 1+ Zl [(=1)(=1=1)(=1=2) ... (=1=r+1)/r!](=1)'x"

o0

= 1+ 2 [(-1)(=2)(=3) ... (=D)/r!](-1)'X"
= 1+ i X"
r=1

= 14+X+X2+X+ ...
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Ex. LetmeZ™,
A+x)"
= 1+§11 (‘r””)xr
= 1 +§1 (-M)(-M-1)(-M=2) ... (—M-r+1)/r)x"

m+r-1
r

= 1+Z D

X'
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Ex. 1+3x)"% = 1+ 2 ((<1/3)(-4/3)(=7/3) ...

r=1

((=3r+2)/3)/r(3X)

= 1+ 2 (D7) ... ((3r+2)/r)x".
r=1

Ex. Determine the coefficient of X' in

FOX) = 6+ +x+ L)%

FOX) = CA+x+xX2+..))"°
= XA+x+x+..)"!
= X’1/a-xy*

= x*A-x)"
The answer is the coefficient of X’ in (1 —x)*, which is

(‘7“)(—1)7 = 120.
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Ex. In how many ways can we select, with repetitions

allowed, r objects from n distinct objects?
The problem is equivalent to finding the coefficient of X" in

FX) = (A+X+X+ e +X) ' =0 +X+X2+ oo +X+..)"
= (1/1-x)"

= =%
= 1+2 ()X

= 1+ %o: (n+(i—1))xi
i=1 i ’

which is (”*rr‘l) ~ H(?).
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Ex. Compute the number of integer solutions for

Xi+X3+X3+X4 =24, 3<x,<8, i=1,2,3,4.

The answer is the coefficient of X** in

FX) = C+X+X+X0+x"+x%)?
= XA +x+X2+ X +x* +x°)*
= x*(1-x%/1 -x))*

= x*1-x»*a-x

= X1+ (DX + OEX +(OE X+
G+ HE0+CHE0M+ 00,

which is 1 (1)) +(DONEDC ) +()x1

= 128.
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Ex. Determine the coefficient of X® in

B 1
F(x) = (x—3)(x-2)*"

FOO = s~ a3 " 2 o
(Xx=3)(x-2) X-3 X—2 (x-2)

_ -1 X \— 1 X \— -1 X \—
= (A= +A- )"+ (A= 2)7

(A=X)"=1+x+X+X+ ..)

_ -1 . X\ 1 .~ X \i
= PZ Q)+ LG+

CHA+CHED Y+ .

The coefficient of x® is (‘%)(%)% (%)(%)% (‘71)(‘82)(‘71)8.
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Ex. In how many ways can a police captain distribute 24
rifle shells to four police officers so that each gets at

least three shells, but not more than eight?

The problem is equivalent to finding the coefficient

of x** in F(x)

O+ X+ X+ X+ xB?

XA+ X+ X+ + X +x°)°,

which is equal to 125, as computed in the example

of page 59.
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Ex. Determine how many four-element subsets of

S={1,2, ..., 15} contain no consecutive integers.

Let {a, b, c, d} (a<b<c<d) be an arbitrary

four-element subset.

a C 15

c;=a—-1 ¢,=b—-a ¢3=c-b c4,=d-c cs=15-d

Ci+Cy+C3+C4+C5= 14

one-to-one
correspondence )
set of four-element set of solutions to
subsets ) g Ci+Cy+C3+C4+C5= 14,
C,Cs=0
Cy, C3, C4 >1
one-to-one
Ir nden .
set of required correspondence set of solutions to
subsets ) > Ci+Cy+C3+Cys+C5=14,
C,Cs20

Cy, C3, C4 >2
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The answer is the coefficient of x'* in

F(X) = (1+x03HC+ ... a3 033 +x+ L +x1Y?

= XA+ L+’
5

= XA+xCHC+ .+ L)

= X6(1_X)_59

which is (‘85)(— 1)8 = 495,
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e Partitions of Integers

Let p(n) denote the number of partitions of a positive integer

N into positive summands, disregarding their order.

p(1)=1: 1.

pR2)=2: 2,1+1.

P3)=3: 3,2+1,1+1+1.

p4)=5: 4,3+1,2+2,2+1+1,1+1+1+1.

p(10) is equal to the coefficient of X'’ in

FOX) = (I+X+X+X+ ) x A+ +x+x0+ ) x
A+ +X+ ) x e x(@A+X+x2+.0)

1 1 1 1
1-X 1—X2 1—X3 eoe 1—)(10.
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In general, p(n) is equal to the coefficient of X" in

F(X) = lo_O[ !

i=11-x

Although it is difficult to compute p(n) from F(X), it is
still possible to compute the number of some restricted

partitions on n by the aid of generating functions.
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Ex. Find the generating function for the number of ways
an advertising agent can purchase n minutes, if time

slots of 30, 60, and 120 seconds are available.

Let 30 seconds be one time unit. Then the answer is the

number of nonnegative integer solutions to
a+2b+4c=2n,

(equivalently, the number of partitions of 2n into 1’s, 2’s

and 4°s), which is equal to the coefficient of x*" in

FOX) = 1+X+X2+ . )x A+ +x+..)x

A+x*+x%+...)
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Let pg(n) (Po(n)) be the number of partitions of N whose

summands are distinct (odd).

For example, there are five partitions of 4:
4, 3+1, 2+2, 2+1+1, 1+1+1+1,

where py(4)=2 (i.e.,4,3+1), and py(4)=2 (i.e.,3+1 and
1+1+1+1).
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pa(n) is equal to the coefficient of X" in
FX) = (1+)0+x)A+X) ...

= [ a+x),
i=1

where we define py(0) = 1.

Po(N) is equal to the coefficient of X" in

FX) = (1+X+X2+X+ . )x A+ +x0+...) %
A+X+xX+ ) x@+X+x"+ ) x ...

1 y 1 1 1
1—X 1_X3 1—X5 1_X7

where we define p,(0) = 1.
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Ferrers graphs : a dot representation of partitions

The number of dots per row in a Ferrers graph does not

increase as we go from the top to the bottom.

The left Ferrers graph represents 14 =4+3+3+2+1+1,
and the right Ferrers graph represents 14 =6+4+3+1;
both are the transposition of each other, because one can be

obtained from the other by interchanging rows and columns.

There is a one-to-one correspondence between a Ferrers

graph and its transposition.
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= the number of partitions of n into m summands
is equal to the number of partitions of n whose
maximal summand is m.

(m=4 or 6 for the example above.)
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e Exponential Generating Functions

F(X) = ao,uﬂ(x)+a1,u1(x)+a2% +a3% +...

a,4X) 4+ ..
r!

is called the exponential generating function of the
sequence (g, Ay, A2y <oy Ary ««.)y Where (X)), £4(X),

(X)), ..., t(X), ... are the indicator functions.
When z(X) = X,

2 3 r
F(X) =ap+aiXx+a,* +a3% +...+a > +...
2! 3! r!
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Ex. (1+X)"= p(n, 0) + p(n, DX+ p(n, 2) X +p(n, 3% +

. +p(n, n)x_,
n!

(1+x)" is the exponential generating function of

p(n, 0), p(n, 1), p(n, 2), ..., p(n, N), ...

2 3 4
Ex. ef=14+x+ X + X 4+ X 4 ..
21 31 4l

(derivable from Maclaurin series expansion)

e” is the exponential generating function of

1,1,1,1,1,...
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Ex.

te = 4+ X 4+ X 4
2 20 4l

*e " js the exponential generating function of
2

1,0,1,0,1, ...

e’ - js the exponential generating function of
2

0,1,0,1,0,...
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Let x"/p! indicate that there are p identical objects to

be permuted.

Then, the number of ways to permute p +( objects, where
p of them is of one kind and ( of them is of another kind,

can be expressed as

p+q

XX = (o+g)/plah) - X
o ((p+0)!/ptah) oo

where the coefficient of (p+Q)!/p!q! is the answer.

Similarly, the number of ways to permute p+q-+r objects

of three Kinds can be expressed as

+O+r

)(p

xP oo xt . x" = .
e (p+q+n!/plglrh) Grgent’

74



Ex. The number of ways to permute one, two, three,
four, and five of five objects, with two of one kind and

three of another kind, can be expressed as

(1+X+X)(1+X+X +X)
1! 1! 21

(zero or one or two of the objects of the first kind)
and (zero or one or two or three of the objects of
the second kind) are permuted.
(1+X+X) 1+ X+ X 4+ X

1! o2 3

= 1+(1+1)x+( Ll + (L + 1 413+
1 111 21 21 1121 1121 31

L+ Lyt + (L)
131 2121 213!
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(1+1)X _(4'+4')X _(4+6)X
1131 2121 1131 21217 41

U

1. There are 4 ways to permute four objects, with one

of the first Kind and three of the second kind.

2. There are 6 ways to permute four objects, with

two of each kind.

3. There are 4+ 6 ways to permute four of the five

objects.
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Ex. The number of r-permutations of n distinct

objects with unlimited repetitions is n'.

2 3 r
A+x+ X+ X+ ., +X)°
2t 3l r!

= A+x+ X +X 4 )

21 3!
— enx
o0
. (nx)’
r=0 r!
o0

I
™M
3-1
e
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Ex. In how many ways can four of the letters from

ENGINE be arranged ?

selections of four the number of
letters permutations
EENN 4!/212!
EEGN 4!/2!
EEIN 4!/2!
EEGI 4!/2!
EGNN 4!/2!
EINN 4!/2!
GINN 4!/2!
EIGN 4!

(“E”’ “N”) (“G”, “I”)

F(x) = (1+x+ ’;_j)z - (1+x)%

The coefficient of % in F(X) is

4172121+ 41721+ 41721+ 41721 + 4121+ 41/21 + 41721 + 41,
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Ex. A ship carries 48 flags, 12 each of red, white,

blue and black. Twelve of these flags are placed on
a vertical pole in order to communicate a signal to
other ships. How many of these signals use an even

number of blue and an odd number of black flags ?
= A+x+ X+ X+ P+ X+ X+ )
FX) (1+x 21 3! y-a 21 4l )

x+ X +X 4 )
315

— X2, +e . e —e"
()" ( > )- ( - )
— (%).(eZX).(eZX_e—ZX)
= (1)-e™-1

4

io: 4x)

1
4 i=1

The coefficient of % in F(x) is 4.
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Ex. A company hires 11 new employees. Each of
these employees is to be assigned to one of four
subdivisions with each subdivision getting at least
one new employee. In how many ways can these

assignments be made ?

E: {el, €29 o0y en}
D: {dy, dy, 03, dy}

f: E->D

How many onto functions f are there ?

= X+ X +X X 4 =1
Y X 21 31 4l y=@E-0
= e¥—4e*+6e¥*—4e5+1.

The coefficient of X_ul in F(X) is
11!

4" —4-3"+6-2"-4-1",

(This problem can be solved as well with the principle

of inclusion and exclusion.)
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Combinations — Ordinary Generation Functions

Permutations — Exponential Generation Functions

(do Exercise #2)
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Recurrence Relations

e Linear Recurrence Relations

Let k e Z" and c,(£0), Cr_1, Cnz, .., Cn_k(#0) be constants.

If a, is a discrete numeric function, then
Chan+Chd@n1tChaanat ... ¥ Chy@nk = f(n)a n= ka

is a linear recurrence relation with constant coefficients
of order K. The relation is homogeneous if f(n) = 0, and

nonhomogeneous if f(n) # 0.
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e First-Order Linear Homogeneous
Recurrence Relations with Constant

Coefficients
a, =Can-1, N=1, C: constant.

adn = Cap—q
= C(Can-2)
— A2
=C (Can—3)
— A3
=C (Can—4)

= C4(Can—s)

n—-1

= C +dy.
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EX. SOlVe a.n = 7a.n_1, n 2 1, a.2 = 98.

an = Tan1
=7(7an-2)
= 72(7an—3)

=7">(Ta,)
=7"2.98
=2-7", n>0.

84



2
ne

Ex. Find ay, if a’,, = 5a%, a,>0, n>0, a,=2.
Letb,=a,’.

Pri1 =5bn, N>0, by=4.

bh=5"+by=4-5".

Therefore, a,=./b, =2-(~/5)", n>0.

ap, =2-(v/5)"=31250.
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e Second-Order Linear Homogeneous
Recurrence Relations with Constant

Coefficients

Cnan + Cn_lan_l + Cn_zan_z = 0, n 2 2 (1)

The solution of (1) has the form
an=c-r, (2)
where C#0 and r=0.

Substituting (2) into (1), we have
Che(C rM+Chg(C r"M+cr, (c r"?=0.

= C ' rP+Cy r+Ch,=0 3)

(3) is called the characteristic equation, and its roots,

denoted by r; and r,, are called the characteristic roots.
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Case 1. r;#r; are real numbers.

Ex. Solve antan_1— 6an_2 = 0, n2 2, do = 1, a; = 2.

Let a,=c-r".

= cr"+c-r"'—6¢c-r"*=0

characteristic equation: r’+r—6=20

characteristic roots : r;,=2, r,=-3

= an=C;°2"+C,*(-3)" is the general solution.

C; and C, can be determined by boundary conditions.

a=1: ci+c, =1
a.1=2: 2C1—3C2=2

= C1=1, C2=0

Therefore, a, =2" is the unique solution.
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Ex. Solve the Fibonacci relation :

Fn+2 = Fn+1 + Fn, n > 0 F() 0 Fl 1
Let F,=c-r".
characteristic equation: r’—r—1=20

1+\/§ _ 1—\/§

characteristic roots : r{= , = ——

general solution: F,=¢;" (1 +2J§ )'+c, (#)n

F():O: C1+C2:0

+Cpr —— =1

Ci

F.=1: .1+\/_
1 2

:> C1=L C=_1

NN

The unique solution is F, = \/IE ((1+2\/g ) - (#)”)
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Ex. Forn>0,letS={1,2,...,n} (S=Jif n=0), and
let a, denote the number of subsets of S that contain
no consecutive integers. Find and solve a recurrence

relation for a, .

The subsets of S that contain no consecutive integers

are composed of two disjoint parts :

Part 1. those subsets containing n

an—2 subsets are included in this part

Part 2. those subsets not containing n

an-1 subsets are included in this part.

Thus, a,=a,+a,, with a,=1, a; =2.

— a,=Fn,= \/lg ((1+2x/§ )n+2 _ (#)nﬂ)

(F0=09 F1=19 F2=1, F3=2, ces

=1, a,=2, ...)
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Ex. Find a recurrence relation for the number a, of

binary sequences of length n without consecutive 0’s.

Let a§,°>(a§,1>) : number of binary sequences of length
N that contain no consecutive 0’s and

end with 0 (1).

an = ag()) + agl) =ap2tan1, N22, a;=2, 8, =3

— a,=Fn.,= \/lg ((1+2\/§ )n+2_ (#)nﬂ).
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Ex. In how many ways can a 2 x n chessboard (refer to the
left graph for n=4) be covered by n 2x1 or 1 x2 (refer

to the middle graph) tiles?

Let a, be the answer, where a;=1 and a,=2 (refer to

the right graph).

Considering the rightmost column of the chessboard,

we have a,=a,_;t+a,—, for n>3.

— a,=Fn,= \/lg ((1+2\/§ )n+1 _ (#)nﬂ).
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Ex. In how many ways can n symbols from {0, 1, 2, ..., 9}
U {+, *} form an arithmetic expression, e.g., 2+13*5?

(a leading + is not allowed)

Let a, be the answer.
a;=10 (i.e.,0,1,2,...,9).
a,=100 (i.e., 00,01, ...,09,10, 11, ..., 99).

Consider n>3, and let Xy be the rightmost two symbols,

wherey e {0, 1, ..., 9}.
If xe{0,1,...,9}, then

an = 10 X an_lo

If X e {+, *}, then

an = 20 X an_Zo

Therefore, a,=10a,_;+20a,_,.

= a,= 2((5+3V5)"-(5-345)").
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Case 2. Iy, I, are complex numbers.

r=x+iy= x>+ y? (cos@+isinf)
rh=X—iy= Xx*+y?* (cos@—isinb)

f=tan 'Y
X
Y A
y _______________ | rlz(xi y)
to
X

If zZ=r(cosftisinb), then

2" = r"(cosn @+ isinn 6).
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Ex.

1+/3 i = 2(cos(n/3) + isin(n/3))

A+/3)" =

2'%cos(107t/3) + isin(107/3))
2'%cos(41t/3) +isin(47/3))

10,-1 .3
2" -

(2%)(1++/3 )
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Ex. Solve a,=2(a@,1—an3), N=2, ay=
Let a,=c-r".

r—2r+2=0
= 1, = 1+i=+2 (cos(n/4) +isin(n/4))
r,=1—1=+/2 (cos(n/4)—isin(n/4))

general solution :

an = Cp-r"+C3-1p"

1, a,=

= ;- (v2)"(cos(Nm/4) +isin(nm/4)) +

C2 - (v/2)"(cos(Nw/4) — isin(nr/4))
= (v2)"(kicos(nmt/4) + kysin(nm/4)),

where k1 =C;+C, and kz (C1 — Cz)l.

a=1: Kkjcos0+Kk,sin0 =1

a;=2: V2 (Kcos(m/4)+k,sin(n/4)) = 2
= k=1, k=1 (Cc;=1-1/2, c;=
= a, = (v2)"(cos(nr/4) + sin(nm/4))
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Ex. Find the value of D,, the N x n determinant given by

bbooOo ....O0 0000

bbboOo ....O0OO0CO0O0O0

0 bbDbLO ....OOO00QO0

00 bDbLDL . ....O0O0O0O0

00000 ....DbD OO

00000 ....0DbDbDLO

00000 ....000Db LDV

00000 ....0000DbLOD +
, wherebeR".

Let a, be the answer, where a,=|b|=b, a,= |b b |=0,
4 b b
b b 0

and a;=|b b b|=—Db’.
0O b b

Expanding D, by the first row, we have
b b 0O 0 00O b b 0O 0 00O
b b b 0 00O 0 b b O 0 0

_ b b b 0 00O 0 bbb 0 0O

an = bx - bx .
00 0O b b 0 00O b bb O
0 00O 0 b 0 00O 0 bbb
0 00O 0 b 0 00O 0 0b b

= bxa,;—b*xa,, (expand the right determinant

by the first column).

= a,= b"x (cos(nNm/3) + - x sin(nn/3)).

J3
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Case 3. r; =r, are real numbers.

Let r be the characteristic root (r is called a root of

multiplicity 2).

general solution: a,=c;-r"+c,-nr"
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EX. SOlVe a.n+2 = 4a.n+1 - 4a.n, n 2 0, a.() = 1,
Let a,=c-r".

rr—4r+4=0

= =2 (aroot of multiplicity 2)

general solution : a,=c¢;-2"+¢c,-n2"

a;=3: 2¢c;+2c,=3
_ _1
= =1, ¢ =3

= a,=2"+n2""

98



o Linear Homogeneous Recurrence
Relations of Higher Order with

Constant Coefficients

Let a,=cr".

1. If all characteristic roots ry, r,, ..., I'c are distinct,

then the general solution has the following form

an =Cql{ +Col" + ... +Cil.

2. Ifris a characteristic root of multiplicity m, then
the general solution includes the following as a

component

Cor" +cnr"+c,n*r"+ ... + ¢ n™ ",
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EX. SOlVe zan+3 = a.n+2 + zan+1 - an, n 2 0, a() =

a1:1, 32:2.
Let a,=c-r".

2 —r*=2r+1=0
_1 _ _
= rl—E, rh=1, r;=-1
general solution : a, = Cl(%)n +C,1" + c3(-1)"
29=0: c;+c,+c3=0
_ 1 _
a;=1: EC1+C2_C3_1

a=2: %C1+C2+C3=2
= =2, =2, ¢3=
1 39 2 29 3

1
6

= 2= ()G +(ED+
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EX. SOlVe an + 6a.n_1 + lzan_z + 8an_3 = 0, n 2 3, a.() = 1,

a = —2, a, = 8.

Let a,=c-r".

P+6r’+12r+8=10

= I =-2 (aroot of multiplicity 3)

general solution : a, = c;(-2)"+ C,n(-2)" + c;n*(-2)"

a;=-2: =2C0—2C,—2Cc3=-2
a,=8: 4c,+8c,+16Cc;=S8

-1 1
= € =1, Q2= G=5

= a,=(=2)" —é n(=2)" +% n*(=2)"
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EX. SOlVe an - 4a.n_1 + San_2 - Zan_3 = 0, n 2 3, a() = 1,

a1:3, 32:6.

Let a,=c-r".
P—4r’+5r-2=0

= I =1 (a root of multiplicity 2)

I, = 2
general solution : a, = (c;(1)" +c,n(1)") +c3(2)"

a=1: c;+c;=1
a;=3: Cc;+Cy+2c3=3

a=6: Ccit+2c,+4c;=6
= ¢ =0, C2=1, ;=1

= a,=n+2"
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Ex. In how many ways can a 2 xn chessboard be covered

by 1-square or 3-square tiles (refer to the left graph)?

Let a, be the answer, where a;=1, a,=5 (refer to

the right graph), and a; =11.
Consider n>4.

When the rightmost column is covered by two 1-square

tiles, we have a,=a,;.

When the rightmost column is covered by one 1-square

tile and one 3-square tile, we have a,=2a,_,.
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When the rightmost column is covered by one 3-square

tile, we have

an=2a,,, if the second rightmost column is covered

by one 1-square tile and one 3-square tile;

an=2a,3, If the second rightmost column is covered

by two 3-square tiles.

Therefore, an = an_l + 4an_2 + zan_3.

= an= D (+3) (- V3)"

(do Exercise #3)
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e Linear Nonhomogeneous Recurrence
Relations

Cnan+ Cp18n-1 + Cn28n2+ ... +Coidnk =f(N), N=K,

f(n) #0, c¢i (n—k<i<n) constant.

a,= a +aPf

=0

the homogeneous solution, which satisfies the

=]

equation with f(n) =0, i.e.,

h h h h _
Chdy+Cn1@y y+Ch2dy ,+ ... +Chxdy, =0

arﬁ’ : a particular solution to the equation, i.e.,

Chal+Chgal +Chaal,+ ... +Cogdl = f(n)
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There is no general way to find a”.

However, when f(n) is in a relatively simple form,
a” can be determined by method of undetermined
coefficients (i.e., using the form of f(n) to suggest a

form for a>).
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Ex. Solve a,+2a,;=n+3, a,=3.
Let a’= cn+d.
(cn+d)+2(c(n—-1)+d)=n+3

= 3cn+(3d-2¢c)=n+3

= 3c=1, 3d-2c=3

aP=1p+ 11
3 9

h _ n

a, = k(-2)

a,= a +a£=k(—2)”+§n+%

p=3: k+%=3 = k=1
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EX. SOlVe an_an_l = n - 1, n 2 1, al = 0.

First, try al=cn+d.
(cn+d)—(c(nh—-1)+d)=n-1

= Cc=n-1, a contradiction

Then, try a”=cn’+dn+e.
cn*+dn+e)—(c(n-1)*+d(n-1)+e)=n-1

= 2cn-c+d=n-1
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another solution method :

An-1 Tt (n - 1)
@n2+(nN=2))+(n-1)

@3+t(h-3)+(n-2)+(n-1)

at1+2+ ... +(n=-2)+(n-1)

%n(n—l)
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In general,

dy = a-n—l""f(n)

(an2+f(N-1)) +1(n)

@3 +f(n=2))+f(n-1)+f(n)

n
= a+3 f(i)
i=1

For example, if f(n)=3n?

an = an_l + 3n2

n
.2
= qpt Z 31
=1

= ay+ %(n)(n +1)(2n+1)
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Ex. Solve a,—3a,.;=5(7"), n>1, a,=2.
a" =c@3".

Let a’ =k-7".

k-7"-3k7""=5-7" = k=2

a,=a"+af =c3")+ %5-7”

=2 = C= _727
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Ex. Solvea,-3a,;=53"), n=1, a,=2.
a = c(3"

Let a’= k.3".

k-3"-3k3""'=53") = 0=5@3"), a contradiction!
Let a’= kn3".

kn3"-3k(n-1)3""'=53") = k=5
a,=a'+af=c-3"+5n3"

Pp=2 = Cc=2
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1. First-order relations :

If f(n)=q-r", g,r: constants,

a’ = k-r" if al #c-r"

h n

k-nr" if a) =c-r

2. Second-order relations :

If f(n)=q-r", g,r: constants,
aP = kenr" if a"=c;r"+cr" (r#r)

ken’r" if a" =c,;r"+c,nr"

ker" else
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Ex. Solve a,—4a,1+4a,,=2", n>2, ay=1, a;=2.

a =c;2"+c,n2"

Let a’ =kn2".

kn?2"—4k(n—1)2" " +4k(n—-2)R2" % =2"

an= a, +a’ =c;2"+cn2"+ %-nzzn
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Ex. Solve ap:;—4ap1+3a,=-200, n=0, a,=3000,

a; = 3300.

al =¢,3"+c,1"=¢,3"+c,.

If welet a’ =k, then

k—4k+3k =-200, a contradiction!

So, we let a” =kn, and

k(n+2)—-4k(n+1)+3kn =-200.
= k=100.
Hence, a,=a’ + af =c¢,3"+c,+100n.

ap=3000, a,=3300 = c;=100, c,=2900
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Summary :

Cnan + Cn_lan_l + 'y + Cn_ka.n_k = f(n),

where C,, C_1, ..., Chk are constants.

a(n)

C: constant

n', tez’

", reR

sinan (a: constant)
cosan

nr"
r"sinan

r"cosan

h(g(n))

C,: constant

CoHCiN+ ... +C NN
cyr”
cisinan+c,cosan
Cisinan+c,cosan
r"(Co+C N+ ... +Cn+cinY
r'(c;sinan+c,cosan)

r"(c;sinan+c,cosan)
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Case 1. f(nN)=qg-g(n), g: constant.

a’ = h(g(n)) if g(n) is not included in a";
n®-h(g(n)) else,
where s is the smallest integer so that n°- g(n)

is not included in arr,‘.
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Case 2. f(n)=q;-0:1(N)+0z-Ga(N)+ ... +0k- gu(N),
where each (; is a constant and each gi(n)

is in the class of g(n) (1 <Li1LK).
a’ =h;(n)+hyn)+ ... +h(n) and

hi(n) = h(gi(n)) if gi(n) is not included in aﬁ;

n°-h(g(n)) else,

where s is the smallest integer so that n°- gi(n)

is not included in arr: .

For example, if f(n) = 4n* + 3sin2n and a;' = con+¢;2",

aP = (C,+c3n +cyn*) +(Cssin2n + cecos2n).

If f(n) =4n?+2"and a" = cyn*+¢,2"+c,n2", then

aP = (C3+c4n+csn’+cgn’) +c7n2",
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Ex. Consider the following recurrence relation :

an2—10a,4 +21a, =f(n), n=>0.

al =c¢,3"+c,7"

f(n) an
5 k
3n’-2 k,n*+kn+Kkg
70117 k(11"
6(3") kn(3")
2(3") - 8(9") KnG™ + ko(9")
43" +3(7" kin(3™) +kon(7")

In the above, K, Koy, k; and k; are all constants.
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Ex. Consider the following recurrence relation :

ant4a,;t+4a,,="1(n), n>2.

a = ¢y (-2)"+c,n(-2)".

f(n) cly
5(-2)" kn*(=2)"
n(-2)" n*(kin +ke)(=2)"
—11n*(=2)" n*(k;n* + kn +Ke)(=2)"

In the above, K, kg, k; and k; are all constants.
When f(n)=7n(-2)", ninduces k;n+Kkyin a°, and

the leading n” in a? is to avoid (-2)" and n(=2)".
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Ex. The Towers of Hanoi.

Let a, be the minimal number of disk moves required
to transfer n disks from peg 1 to peg 3.

(2=0,2,=1,a,=3)
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The N disks can be transferred as follows.

1. Transfer top n—1 disks from peg 1 to peg 2.
2. Transfer the largest disk from peg 1 to peg 3.

3. Transfer the n—1 disks from peg 2 to peg 3.
:> an S zan_l + 1.
On the other hand, the transfer of the largest disk takes

at least one disk move and induces at least two transfers

of n—1 disks.

:> an 2 zan_l + 1.

Therefore, a,=2a,_;+1.

:> an=2n_1, nZO.
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Ex. Pauline takes out a loan of S dollars that is to be paid
back in T periods of time. Ifr is the interest rate per
period for the loan, what (constant) payment P must

she make at the end of each period?
Let a, be the amount still owed at the end of the nth
period. (ay=S and ar=0)

When n>1, a,=a,tra,_;—P.

= an=(S=-P/n@+r)"+P/r, for 0<n<T.

Since a;r=0, we have P=Srd-1+r) )™
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Ex. Find the number of comparisons needed, if a divide &
conquer method is used to determine the maximal and
minimal numbers of 2" real numbers?

Let a, be the answer, where a,=1.
When n>1, a,=2a,;+2.

= a,=(3/2)2"-2.
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Ex. Find the number a, of quaternary sequences of length n

having an even number of 1°s.

a;=3. Consider n=>2 below.

When the rightmost digit is 0 or 2 or 3,

an = a.n_lo

When the rightmost digit is 1, the other n—1 digits
should have an odd number of 1’s, i.e.,

an = 4n_1 - an_lo
Therefore, a,=3a,;+@" " —a,)=2a,,+4"".

= a,=2""1+24"".
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ANDEE N

Po P1 P>

Po: an equilateral triangle of side length 1.

P,: a polygon obtained by replacing the middle one-
third of each side of P, with a new equilateral

triangle of side length 1/3.

P,: a polygon obtained from P; in a similar way.

An equilateral triangle of side length s has area (/3 /4)s’.
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Let a, be the area of P,, where

ag=+/3/4;

a;=+3/4+3x (3 /4)x (1/3)* =3 /3;
a,=+3/3+3x4x(~3/4)x (1/3%)?=103/27.
(P, has 3 x4" sides each of length 1/3".)

= a, = an+3x4"x(J3/4)x(1/3")?

an-1 +1/(443) x (4/9)™
= (1/(5v3))(6-(4/9)""), n>0.
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Ex. Let S ={1,2,...,n} and &(S,) denote the power set of
Sn. Find the number a, of edges in the Hasse diagram

for the partial order (2(Sy), ©).

n=3

{2, 3}

a;=1, a,=4, and a;=12 (=2a,+2).

The Hasse diagram for ( #(Sy), <) contains two Hasse
diagrams, one for ( £(S,-;), <) and the other for
M uT:Te ©(Sha)}, <), which are joined with 2™

edges.
Therefore, a,=2a,,+2"".

= a,=m"", n>1.
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e Method of Generating Functions

Co@n +Cian_g + ... +Cranr = f(N) (1)

Assume that (1) is valid for n>Kk.

Let A(X)=ap+a;x+ azx2 +...+a.x"+... denote
the ordinary generating function of the sequence

(aﬁa Ay A2y «eey Any "')'

1. Multiply both sides of (1) by x".

(Coan+Cian_g + ... +ca_)X" = f(n)x" )

2. Sum both sides of (2) from n =K to .

o0 o0
Zk (Coan+Cian_g + +.. +Cran)X" = Zk f(n)x"
n= n=

o0 o0
Co2 ax' + cox2 axX™ + ... +

n=k

n=k
o0 o0
X' 2 axX™ = 2 fn)X
n=k n=Kk
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C()(A(X) —dpg—PYX— eee — ak_lxk_l) +

CX(AX) —8p—A1X— oo —B2X2)  + .+

CX(A(X) —8p— X — +vo — Br X<

= 2 fn)x" 3)
n=k

3. Solve (3) for A(X).

4. Determine the coefficient a, of X" in A(X).
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EX. SOlVe an_3an_1 = n, n 2 1, a() = 1.

n

1. (a,—3a,)X"= nx

2. 2 (@-3a.)x" = 2 nx"
n=1 n=1
2 ax" — 32 a. X" = 2 nx"
n=1 n=1 n=1
A(X)—ag)—3XA(X) = — >
(A —a0)=3AN) = =
1 _d 1 _ 2
((l—x)2 T x 1+2xX+3X"+ ...)
3. A = L+ X

1-3x  (1-x)2(1-3x)

7 + -1 + —1
4(1-3x)  4(1-x)  2(1-x)?

(1_13X = 1+3x+(3X)*+(3x)° + ...)
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Ex. Solve a,—2a,;=4"", n>1, a=1.

1. (an—2a,)X"=4""'x"

o0 o0
2. 2 (@n-2a)X" = 2 4"
n=1 n=1
o0 o0 o0
2 ax" — 22 a X" = 2 4"
n=1 n=1 n=1

(AX)~1) = 2XAX) = —

1.1
2(1-4x)  2(1-2%)

3. AX)
1 < n 1 < n
= EEO (4x)" + ingo (2X)
1 1

4. ag= 4"+ 22" = %4”+2”‘1, n>0
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Ex. Solve a,.,—5a,+6a,=2, nZO, a()=3, a; =17.
1. (8nsz—5ans +6a,)X" % = 2x""2,
2. 2 (Anz—5ang+6a)x™ = X 2x™2,
n=0 n=0
2 anX™ — 52 a X" 4+ 62 ax"™?
n=0 n=0 n=0
o0
=22 X"
n=0
(A(X) = 89— ayX) — SX(A(X) — 8g) + 6XCAX) = lz_x; :
2 1 S n LS un
: = + = + :
3. A= 5t 2n§0 (3x) ngo X

4. a,=23)"+1, n>0.
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e Nonlinear Recurrence Relations

There is no general method to solve nonlinear

recurrence relations.
Type 1. bn+1 = b()bn + blbn—l + ... T bn_1b1 + bnb() (n > 0).

Let B(X)= 2 bX"

n=0

be the generating function for (by, by, ..., by, ...).

Z bn+1Xn+1 = z (b()bn + blbn_1 + ...+ bn—lbl + bnbo)XnH
n=0 n=0

B(X)—by = xB*Xx).
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= B(X)

OO

_ 1

n_

1 -
2 (15 1-4Db,X)

( "))

(refer to page 489 of Grimaldi’s book)

Since b, >0,

B = 5-(1- T

135



Ex. Find the number b, of ordered rooted binary trees on

N vertices.

b0=1, b1=1, b2=2, b3=5.

AION D

bn = bobn_g +bibn2+ ... +Dbp20y +bp1bg.

one instance of

bsbs
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Ex. Find the number of distinct outputs that may be

generated from the following stack.

v

Cutput '-\/- 7,.2,3, ....n fInput
N Yo

Stack

Each output of the stack is a permutation of 1, 2, ..., N.

When n=4, there are 14 permutations that may be

generated by the stack.

1,2,3,4 2,1,3,4 2,3,1,4 2,3,4,1
1,2,4,3 2,1,4,3 3,2,1,4 2,4,3,1
1,3,2,4 3,2,4,1
1,3,4,2 3,4,2,1
1,4,3,2 4,3,2,1
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Suppose that Xy, ..., Xi_1, 1, Xj+1, .., Xn IS 2 permutation

generated by the stack, where 1<i<n.

Then,

X1y eees Xic1} =1{2, .cos 1} and {Xit1y ... X} ={1+1, ..., N}

Let b; be the number of distinct outputs that may be
generated from the stack with | consecutive integers

as inputs.
= b =D0bebn1 + 0102+ ... +Dp2by Dby

For example, 2,1, 4, 3 is an instance of b;b, and

3,4,2,1 is an instance of bsb,.
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Type 2. bn+1 = a()bn + albn_l + ... * an_1b1 + anb() (n > 0).

Let A)= 2 ax" and B(X)= 2 bxX"

n=0 n=0

be the generating functions for (ay, ayy ..., Any +..)

and (b, by, ..., by, ...), respectively.

o0 o0

z bn+1Xn+1 = z (a()bn + albn_l + ... T an_1b1 + anbo)xn+1
n=0 n=0

B(X)—by = XA(X)B(X).

If either A(X) or B(X) is known, then the other can be

obtained.
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e Recurrence Relations with Two Indices

Ex. Find a(n, r), the number of ways we can select,

with repetition, r objects from n distinct objects by,
bz, IXXY} bn.
Consider object b;.

1. a(n—1,r) of a(n, r) ways do not select b;.

2. a(n,r—1) of a(n, r) ways select b, at least once.

= a(n,r)=a(nh-1,r)+a(n,r—1)
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0

Let f,(X)= 2 a(n, r)x" be the generating function
r=0

for (a(n, 0), a(n, 1), a(n, 2), ...).

2 ain,nx'= 2 (@nh-1,rn+an, r-1))x"

r=1 r=1

fa)—a(n, 0) = (fri(¥) —a(n -1, 0)) +xfi(X)

Since a(n, 0)=1 forn>0 and a(0, r)=0 for r>0,

fr1(X)
1-X

fu(X) =
1

(1-x)""

So, a(n, ) is (_rn)(—l)f = (”Tl)-
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e Simultaneous Linear Recurrence

Relations

EX. SOlVe an+1 = zan + bn
Dp = a-n"'bna ap =1, bo=10

Let A)=2 ax" and B(x)=2 bX"
n=0 n=0

be the generating functions for (a,y, a;, a, ...)

and (b, by, by, ...,), respectively.

o0 o0 o0

2 anX™ = 2x 2 ax" + x2 bx
n=0 n=0 n=0

oo Q0 Q0
z bn+1Xn+1 X Z aan + X Z ann
n=0 n=0 n=0

A(X) —ay = 2XA(X) + XB(X)
B(X) — by = XA(X) + XB(X)
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_ 1-X _ 1-X
= AX) = x?-3x+1 (X—a)(x— )

_ 55 1 L S+
10 x-c 10 x-p

_ X _ X
B() = x?-3x+1 (X—a)(x—B)

_ 5435 1 L 5-35 1
10 X—a 10 X—pB’

where a= #, p=

3-5
2

= ap=

5+\/— (3 \/_)n+1 I(;/g ) (3+2\/§)n+1

b, = —5- 3\/_ (3 x/_)n+1 —5+3\/— (3+x/_)n+1
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e General First-Order Linear Recurrence
Relations

an = p(N)an— +1(n)

The solution has the form of a,=a-b,, where a_ is
the homogeneous solution (i.e., arr: = p(n) arr:_l).
. h
1. Find a,.
2. Find b,.

".b, = pma b, +f(n)

= a'b,+f(n)

= by = byy+ f;p

n

n-1

=t f=D) 4 T4 3
an an a/ a,
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n 3

EX. an_ lan_lzn, 31:1.

a"=n-a’

(a'#0; ifa'=0, then a' =0, a’' =0, ...)
(n-a")bn = ——-[(N=1)- & |-y + 1’

= b, = byy+n¥a, (by=a/a"=1/a")

= bpo+[(n-1)*+n*/a’

= b+ [22+... +(n—-1)2+n?)/a"
= [1+22+... +(n=1)*+n?)/a"

_ n(n+1)(2n+1)
6.4
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n(n+1)(2n+1)
6.3’

= (n.alh).

_ n*(n+1)(2n+1)
6

(do Exercise #4)
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