Solutions to Exercise #4

(#i[E: Recurrence Relations)

1. P.481: 1 (only for (a), (c) and (d)). (30%)
Sol: (@) ap=ap1+2n+1=(a,2+2(n-1)+1)+2n+1=...=ap+ Zn:(2i+l)
=
=n*+2n+1=(n+1)>, n>0.
(c) ay=2a,1+5=2(2a, 2+5)+5=... =2"ap + 2(5-2‘-1) =6-2"-5, n>0.
=
(d) an=2an1 +2".

a"=c(2"). Let a’=kn(2").

N |-

kn(2") - 2k(n-1)(2"H=2"1 = &k
a,=al +a’ =c(2")+ 2(2”).

a=1. = c=1.

Therefore, a,=2"+n-2"?%, n>0.

2. P.481:6. (10%)
Sol: ap—6an-1+9a,2=3(2"%) +7(3" ).
a"=ci(3") +cn(3"). Let aP =ky(2") +kn(3").

ki(2") +ken”(3") ~ 6[ks(2" ") + ka(n — 1)*(3" )] + Oke(2" ) + ka(n ~ 2)*(3" )]
=3(2"%)+7(3"?)

7
= k;=3, k= —.
1 2 18

a,= a" + a =(ci+cn+ %nz)(B”)+3(2”).
ap=1: ¢+3=1

;
ap=4: 3(ci+cy+ E)+6:4.



17
= C]_:—Z, Cr= E

Therefore, a,=(-2+ % n+ %nz)(IS“) +3(2"), n=0.

3. P.481:7. (10%)
Sol: a,—3ap1+3ap2—a,3=3+5(n-3).
a'=cp+con+can’. Let a”=kin® +kon”,
kin® + kon* = 3[ke(n— 1)% + ka(n — 1)*] + 3[Ke(n — 2)° + ka(n — 2)*] — [ke(n—3)3 +
ko(n—3)*]1=3+5(n-23)

3 5
= k= 2 k=
Ty T

3 5
Therefore, a,= a" + aP =cy+Con+can’— n n®+ N n*, n>0.

4. P.481:8. (15%)

Sol: Let a, denote the number of n-digit quaternary sequences in which no 3 appears

to the right of a 0.

When the ending digit is 3, there are 3" sequences that contain no 0.
When the ending digit is O (or 1 or 2), there are 3a,_; sequences as required.

= a,=3a,1+3"%, ay=1, a;=4.

a"=c(3"). Let a’=kn(3").

w|

kn(3") =3kn(3" ) +3"! = k=

a,= a" + a” =c@3")+n@" Y.
a1=4: 3c+1=4 = c=1.

Therefore, a,=3"+n(3""), n>0.
5. P.487:1 (only for (a) and (c)). (20%)

Sol: (3) an—a1=3"" LetA(X)= > a,x".
n=0

(an - an_l)Xn = 3n_an



6.

Zw:anx” - ianflx” = i3”’lxn
n=1 n=1 n=1

(M@a@xM@—¥L-

1-3x
A(X) = 1 N X _ 1 B 1 .
1-x  (@-3x)1-x) 21-x) 2(1-3x)
1 .1,
Therefore, a,= 5 + 5(3 ), n>0.

(c) a—3ay1+2a,2=0. LetA(X)= > ax".

n=0

Zm:anxn —3ian_lx” +2§:an_2xn =0.
n=2 n=2 n=2

(A(X) — a1x — ap) — 3X(A(X) — ap) + 2x°A(x) = 0.

AX) = 1+3x _ 5 4.
@-2x)(1-x) 1-2x 1-x

Therefore, a,=5(2")-4, n>0.
Solve ap,=2na,1+n!,ap=2. (15%)

a" =(n)2"a, .

a,= a' xby=(H2"a, xby,

(@Y a, xby=(2n) (1—1)1)2" ) a, xbgq+nl,

1

= bn bn_]_ +

(2")a,

b+ ()X

ap ka2
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